Abstract. Strong approximation with Brauer-Manin obstruction is established for smooth varieties containing a connected linear algebraic group as an open subset with a compatible action.
Introduction
Classical strong approximation for semi-simple simply connected linear algebraic groups has been established by Eichler in [13] - [14] , Weil in [37] , Shimura in [34] , Kneser in [21] , Platonov in [28] - [29] , Prasad in [31] and so on from thirties to seventies of last century. Minčhev in [25] pointed out that classical strong approximation is not true for varieties which are not simply connected. Colliot-Thélène and the second named author in [9] first suggested that one should study strong approximation with Brauer-Manin obstruction which generalizes classical strong approximation by using Manin's idea and established strong approximation with Brauer-Manin obstruction for homogenous spaces of semi-simple linear algebraic groups with application to integral points. Since then, Harari in [18] proved strong approximation with Brauer-Manin obstruction for tori and Demarche in [12] extended Harari's result to connected linear algebraic groups and Wei and the second named author in [38] extended Harari's result to groups of multiplicative type. Borovoi and Demarche in [3] established strong approximation with BrauerManin obstruction for homogenous spaces of connected linear algebraic groups with connected stabilizers. Colliot-Thélène and the second named author in [10] proved strong approximation with Brauer-Manin obstruction for certain families of quadratic forms and Colliot-Thélène and Harari in [7] extended this result to certain families of homogenous spaces of linear algebraic groups.
In our previous paper [5] , strong approximation with Brauer-Manin obstruction has been established for open toric varieties. It is natural to ask whether such a result is still true if the torus is replaced by a connected linear algebraic group. The basic idea in [5] is to construct the standard toric varieties (see Definition 2.12 in [5] ) by using the complement divisors. The group action provides the crucial relation of local integral points for almost all places (see Proposition 4.1 in [5] ). In order to prove strong approximation, one further needs to show that any point outside the torus can be approximated by a point in the torus with the same local invariant for all elements in the Brauer groups of a given toric variety (see Proposition 4.2 in [5] ). The proof of such local approximation property is reduced to an affine toric variety case.
Such a method cannot be generalized to the case of arbitrary connected linear algebraic groups directly. For example, one cannot expect that such varieties can be covered by affine pieces of the same type varieties for a general linear algebraic group even over an algebraically closed field (see [36] ).
Instead of explicit constructions, we apply the descent theory to study universal torsors. Combining with the rigidity property of torsors under multiplicative groups developed by Colliot-Thélène in [6] , we conclude that such torsors also contain linear algebraic groups with compatible action (see Lemma 3.4) . Applying the idea of group action in [5] , one can prove strong approximation with Brauer-Manin obstruction using the relation of local integral points at almost all places (see Lemma 4. 3) provided by these torsors. In fact, this paper recovers the main result in [5] by this new method.
Notation and terminology are standard. Let k be a number field, Ω k the set of all primes in k and ∞ k the set of all Archimedean primes in k. Write v < ∞ k for v ∈ Ω k \ ∞ k . Let O k be the ring of integers of k and O k,S the S-integers of k for a finite set S of Ω k containing ∞ k . For each v ∈ Ω k , the completion of k at v is denoted by k v and the completion of O k at v by O v . Write O v = k v for v ∈ ∞ k and k ∞ = v∈∞ k k v . Let A k be the adelic ring of k and A f k the finite adelic ring of k.
For any scheme X over k, we denote Xk = X × kk withk a fixed algebraic closure of k. A variety X over k is defined to be a reduced separated scheme of finite type over k. Let Br(X) = H 2 et (X, G m ), Br 1 (X) = ker[Br(X) → Br(Xk)], Br a (X) = Br 1 (X)/Br(k). We denote by A n k the affine space of dimension n over k. Define
where π 0 (X(k v )) is the set of connected components of X(k v ) for each v ∈ ∞ k . Since an element in Br(X) takes a constant value at each connected component of π 0 (X(k v )) for all v ∈ ∞ k , one can define
for any subset B of Br(X). Class field theory implies that X(k) ⊆ X(A k ) B
• . Definition 1.1. Let k be a number field. Let X be a variety over k.
(
• for some subset B of Br(X), we say X satisfies strong approximation with respect to B off ∞ k .
In this paper, we will study strong approximation for a G-groupic variety for a connected linear algebraic group G defined as follows. Definition 1.2. Let k be a field. Let G be a connected linear algebraic group over k and X be a variety over k.
A morphism from a G-variety X to a G-variety X ′ is defined to be a morphism of schemes from X to X ′ which is compatible with the actions of G. Such a morphism is called G-morphism. (2) If X is a geometrically integral G-variety and G is contained in X as an open subset such that the action a X | G× k G = m G where m G is the multiplication of G, then we call X a G-groupic variety.
A morphism f from a G-groupic variety X to a G ′ -groupic variety X ′ is defined to be a morphism of schemes from X to X ′ such that f | G : G → G ′ is a homomorphism of linear algebraic groups.
It is clear that a morphism of groupic varieties is compatible with group actions. Let k be a field with characteristic 0. For any connected linear algebraic group G, the reductive part G red of G is given by
be the semi-simple part of G, let G sc be the semi-simple simply connected covering of G ss , let G tor be the maximal quotient torus of G and let ς G : G → G tor be the canonical quotient homomorphism. The main result of this paper is the following theorem. Theorem 1.3. Let k be a number field and G a connected linear algebraic group. Assume G ′ (k ∞ ) is not compact for any non-trivial simple factor G ′ of G sc . Then any smooth G-groupic variety X over k satisfies strong approximation with respect to Br 1 (X) off ∞ k .
The paper is organized as follows. In §2, we study some basic properties of G-varieties over a field of characteristic 0. In §3, we apply the descent theory developed by Colliot-Thélène and Sansuc in [8] and the rigidity property of torsors under multiplicative groups developed by Colliot-Thélène in [6] to construct the right candidates so that one can expect the arguments analogue to those of [5] to apply. All results in this section work over arbitrary fields of characteristic 0 as well. In §4, we give a proof of Theorem 1.3 based on the results in previous sections. In §5, we study strong approximation with Brauer-Manin obstruction off any finite non-empty subset of Ω k and prove such strong approximation when the invertible functions overk are constant (see Theorem 5.5).
Preliminary on G-varieties
In this section, we establish some basic results on G-varieties which we need in the next sections. In this section, we assume that k is an arbitrary field k with char(k) = 0 and Γ k = Gal(k/k) wherek is an algebraic closure of k.
First, we need a kind of Stein factorization in the category of G-varieties.
Lemma 2.1. Let A λ − → B be a dominant G-morphism of normal and geometrically integral G-varieties over k where G is a connected linear algebraic group. Assume B is affine. Then λ can be factorized into morphisms of G-varieties A ι − → C and C τ − → B such that C is normal and geometrically integral, the generic fiber of ι is geometrically integral and τ is finite.
Proof. Since λ is dominant, one can view k(B) as a subfield of k(A). Let k(C) be the algebraic closure of k(B) inside k(A) and 
Then one has the following commutative diagram
Moreover one has a unique morphism C θ − → G × k C which is finite because both the morphism C → G × k B and the morphism G × k C → G × k B are finite. Let η C be the generic point of C. Then one obtains
is an isomorphism. This implies that θ is an isomorphism.
Replacing pr 2 by the actions a A and a B in the above diagram, one obtains the following commutative diagram
where a C is induced by the homomorphism of the global sections which is the unique homomorphism to make the above diagram commute. This implies that C is a G-variety and ι and τ are morphisms of G-varieties by uniqueness.
We can apply this lemma to prove the following result. Proof. Without loss of generality, one can assume k =k. Since the action of G on B is transitive, λ is surjective.
Suppose A is smooth. By applying Lemma 2.1, one can factorize λ into morphisms of Gvarieties A ι − → C and C τ − → B such that C is geometrically integral, the generic fiber of ι is geometrically integral and τ is finite. Since B has only a single orbit, any orbit of G in C contains the generic point of C. This implies that C has a single orbit of G as well. Since G 1 is connected, G 1 contains no proper closed subgroups of finite index. This implies B = C. This means that the generic fiber of λ is nonempty and geometrically integral.
In general, let A sm be the smooth locus of A. Then A sm is also a G-variety. By the above result, one has that the generic fiber of λ A sm is geometrically integral. Since A sm η B is open dense in A η B where η B is the generic point of B, one concludes that A η B is geometrically integral. Since all fibers are translated by the group action, one concludes that all fibers of λ are nonempty and geometrically integral. By generic smoothness (see Corollary 10.7 of Chapter III in [20] ), one further obtains that λ is smooth. 
and C 2 is the union of all codimension ≥ 2 connected components of C ′ \ B. Then C 1 and C 2 are stable under the action of G. Let C := C ′ \ C 2 and one obtains the result.
3. Pull-back of universal torsors over smooth compactifications
Harari and Skorobogatov have extended the descent theory of Colliot-Thélène and Sansuc in [8] to open varieties by defining the extended type of torsors in [19] . One could try to use this generalisation, but we will use the pull-back of the universal torsors of smooth compactifications of open varieties. By the rigidity property of torsors under multiplicative groups developed in [6] , one concludes that such torsors also contain a linear algebraic group as an open subset with a compatible action.
In this section, we assume that k is an arbitrary field k with char(k) = 0 and Γ k = Gal(k/k) wherek is an algebraic closure of k. Let X be a smooth G-groupic variety over k and X c be a smooth compactification of X over k. Then X c is a smooth compactification of G over k and Pic(X c k ) is a flasque Γ k -module by Theorem 3.2 in [4] . Let T be a torus over k such that the character group
. By corollary 2.3.9 in [35] , there is a universal torsor ρ :
Then H is a quasi-trivial linear algebraic group over [6] ) and the projection map ρ G induces a flasque resolution
of G by Theorem 5.4 in [6] . Moreover, one has
by Theorem 1.6.1 in [8] and Lemma B.1 in [6] . The pull-back of the universal torsor Z → X c defines a torsor over X under T :
By Proposition 5.1 in [6] , the variety Y is quasi-trivial (see Definition 1.1 in [6] ) and
by Theorem 1.6.1 in [8] and Lemma B.1 in [6] .
Proof. One only needs to modify the argument in Theorem 5.6 in [6] and replace
, there is a morphism
It is clear that the following diagram
commutes and that its columns and rows are exact. Therefore ker(ς G ) is geometrically integral whenever G is connected.
where T 0 and T 1 are tori over k such that [6] . Moreover, the inclusion ι 0 : T 0 ֒→ H tor is induced by
Lemma 3.6. Let ψ be the surjective homomorphism H ψ − → T 1 obtained by composing ς H with the projection on T 1 and H 0 = ker(ψ). Then H 0 and ker(ς H 0 ) are connected and quasi-trivial with the canonical isomorphisms
Proof. By P.94 in [6] , one has
commutes and has exact rows and columns. One concludes that ker(χ) is connected and ker(χ) ∼ = ker(ς H 0 ). Therefore H 0 is connected and H ss 0
Since Pic(Hk) = 0, one further has that Pic((H 0 )k) = 0, and then Pic(ker(ς H 0 )k)) = 0 by (6.11.4) in [32] .
− → G is surjective and its kernel is a group of multiplicative type.
Since one has the following commutative diagram
by Lemma 3.6, one obtains thatk
By tracing the following diagram with the exact rows
Proposition 3.8. One has the following exact sequence
for a smooth G-groupic variety (G ֒→ X) over k, where the map
Proof. On the one hand, one has the following commutative diagram of exact sequences
by (6.1.3) of Lemma 6.1 in [32] and functoriality. On the other hand, since Pic((H 0 )k) = Pic(Hk) = 0 by Lemma 3.6, the homomorphism H 0 → H induces the following commutative diagram
by Hochschild-Serre spectral sequence and Lemma 3.6. Since the composition of morphisms
, the result follows from (3.5).
Lemma 3.9. The homomorphism ψ in Lemma 3.6 can be extended to a smooth H-morphism Y ψ − → T 1 over k with geometrically integral fibers.
Proof. Let
Since ψ induces the injective homomorphism
which is also Γ k -equivariant. Since ψ is a homomorphism from H to T 1 , one has the following commutative diagram
by Lemma 3.4. This implies that ψ is an H-morphism. By Proposition 2.2, one concludes that ψ is smooth with geometrically integral fibers.
Proof. By Lemma 3.9, Y 0 is an H 0 -groupic variety. Since ψ is smooth, one concludes that Y 0 is smooth. By the cartesian diagram
where the horizontal maps are open immersions and the vertical maps are closed immersions, one obtains the commutative diagram of exact sequences
by Theorem 1.6.1 in [8] , where φ is the pull-back of Cartier divisors (see Section 2.3 in [15] ), which are the same as Weil divisors by smoothness.
This implies that φ is injective.
On the other hand, for an irreducible component
and D is a divisor of Y . This implies φ is an isomorphism.
Since Pic(Yk) = 0, one obtains that the map 
by Lemma 3.6, (3.2) and (3.3), one concludes that the above induced map is an isomorphism.
Applying the Hochschild-Serre spectral sequence (see Lemma 2.1 in [9] ), one has Br a (Y 0 ) = 0. Definition 3.11. Let K be a finiteétale algebra over k. The unique minimal toric subvariety
is called the standard toric variety of K/k.
Such a standard toric variety always exists by Proposition 2.10 in [5] . By Lemma 3.6, one has H tor 0 ∼ = T 0 over k. 
Since the extension of the morphism if it exists is unique, one can assume that k =k. Since
by Lemma 3.6, Proposition 3.10 and codim(Y 0 \ U, Y 0 ) ≥ 2, one has
with
s ] for 1 ≤ i ≤ s by the structure of standard toric varieties (see Lemma 2.11 in [5] ).
Applying Proposition 2.2 to the morphism of H 0 -varieties
one concludes that each ς
is smooth with nonempty and geometrically integral fibres for
Proof of main Theorem 1.3
We keep the same notation as that in the previous sections and assume k is a number field in this section. We give a proof of Theorem 1.3 by applying the results in previous section. In particular, X is a smooth G-groupic variety over k and Y ρ X −→ X is a pull-back of a universal torsor of smooth compactification X c of X under the torus T over k with T * = P ic(X 
−→ X is a torsor under T , one has the following commutative diagram
with the exact columns. Since H 1 (k v , T ) is finite by Theorem 6.14 in Chapter 6 in [30] , one obtains that both ∂ X and ∂ G are locally constant. Since
is an open subgroup of T 1 (k v ) by Proposition 3.3 in Chapter 3 in [30] . One concludes that ψ(H(k v )) is closed and
The result follows.
Let us now extend the statement of Proposition 4.2 in [5] on local approximation property for toric varieties to G-groupic varieties.
Proposition 4.2. For any
, there is y ∈ G(k v ) such that y is as close to x as required and inv v (ξ(x)) = inv v (ξ(y)) for all ξ ∈ Br 1 (X).
Proof. By Lemma 4.1, there is
For any ξ ∈ Br 1 (X), one has
Since Br 1 (Y 0 ) is constant by Proposition 3.10, one obtains the desired result.
Let S be a finite subset of Ω k containing all archimedean places such that the following conditions hold:
i) The open immersion i G : G ֒→ X extends to an open immersion i G : G ֒→ X where G is a smooth group scheme over O k,S with G × O k,S k = G and X is a smooth scheme over O k,S with
−→ X which is compatible with the multiplication of G.
ii) The torsor Y 
as required.
For a connected linear algebraic group G, one defines the set
The statement below gathers classical theorems on the Hasse Principle.
Theorem 4.4. Let G 1 be a connected quasi-trivial linear algebraic group over a number field k. Then (1) One has H 1 (k v , G 1 ) = {1} for any no real prime v of k; (2) One has that G 1 satisfies weak approximation; (3) One has
Proof. The results of (1) and (3) follow from applying Proposition 9.2 in [6] to G red 1 and Lemma 1.13 in [32] (see also Lemma 7.3 in [16] ).
For (2), one has the following digram of short exact sequences
satisfies weak approximation by Proposition 9.2 in [6] , the result follows from weak approximation of R u (G 1 ) and tracing the above digram.
In [5] Proposition 3.4, using Harari's work in [18] , we proved a relative strong approximation for tori. Using Demarche's work in [12] and the above construction, we now give a relative strong approximation theorem for arbitrary connected linear algebraic groups. 
Proof. Let R u (G i ) be the unipotent radical of G i and G red i be the reductive part of
Let G 
by the above diagram. Since W f (y) −1 is an open subset containing αf (y) −1 , one concludes that there is x ∈ G 2 (k) such that xf (y) ∈ W as required.
The following proposition benefits from discussion with J.-L. Colliot-Thélène and Dasheng Wei which refines Proposition 3.6 in [5] . Proposition 4.6. Suppose U is an open subset of n-dimensional affine space A n over k such that codim(A n \ U, A n ) ≥ 2 and v 0 is a real prime of k. Let
Without loss of generality, one can assume that W = v =v 0 W v . By using the fixed coordinates, we consider the projection to the first coordinate
It is clear that p
Since p is smooth, one concludes that p(U 
for all v ∈ ∞ k \ {v 0 } and is positive at v 0 . Therefore
, then there is a generic point y of irreducible components of Z such that p(y) = x. Since the irreducible components of Z is finite, one has
By induction on U ∩ p −1 (y), one gets
Combing z and y, one concludes U(k) ∩ (U 
Proof. We first prove the result is true if W v 0 is the connected component of identity of [5] and Corollary 3.7 for S = {v 0 } in [5] .
Otherwise, v 0 is real. Since
where
with a 0 , · · · , a d i −1 ∈ A for any k-algebra A and 1 ≤ i ≤ s. By choosing such coordinates, one has
The result follows from applying the above result to open set
We can prove strong approximation for Y 0 by using strong approximation with Brauer-Manin obstruction for H 0 . 
U (x) is smooth and ς
Since P ic((T 0 )k) = P ic((H 0 )k) = 0, the quotient map H 0
by Lemma 3.6 above and Lemma 2.1 in [9] . Therefore 
and a sufficiently large finite subset
By Proposition 3.10, one has
for all ξ ∈ Br 1 (X) and v ∈ Ω k . Since H 0 is quasi-trivial by Lemma 3.6, the set X 1 (k, H 0 ) = {1} by Theorem 4.4. By Lemma 3.6, for any non-trivial simple factor
Applying Proposition 4.5 to H 0 → G, and using Proposition 3.8, there exist g ∈ G(k) and
where the open immersion i G :
and this is equivalent to that g · ρ X (y) ∈ W as desired.
Approximation at archimedean primes
For classical strong approximation, there is no difference between the archimedean primes and the non-archimedean primes. In this section, we discuss strong approximation off any finite non-empty subset S of Ω k . We keep the same notation as that in the previous sections and assume k is a number field in this section.
First one needs to modify Definition 1.1 as follows.
Definition 5.1. Let S be a non-empty finite subset of Ω k for a number field k and X be a variety over k and pr S be the projection
k is the adeles of k without S-components.
(1) If X(k) is dense in pr S (X(A k )), we say X satisfies strong approximation off S.
for some subset B of Br(X), we say X satisfies strong approximation with respect to B off S.
One can refine Proposition 4.8 to adapt for any finite subset S by applying the fibration method in [10] . For condition (i), we have V satisfies strong approximation off S by Corollary 3.7 in [5] . If S contains a real prime v 0 , we will apply the stronger version of strong approximation off S for V by Corollary 4.7.
For condition (ii), we have H [30] . Since
for each v ∈ S, the quotient maps ker(
is surjective for each v ∈ S. By Proposition 3.1 in [10] , one concludes that ker(ς H 0 ) satisfies strong approximation off S.
For any t 0 ∈ T 0 (k), one knows that the fiber ς 
+ is the connected component of identity. We apply the stronger version of strong approximation off S for V by Corollary 4.7 and obtain t 0 ∈ T 0 (k) and ς
The rest of argument follows from the same as those of Proposition 3.1 in [10] .
The following lemma provides the computation of Brauer-Manin invariants of points with with group action for algebraic parts.
Lemma 5.3. Let G 1 be a connected linear algebraic group over k and P be a smooth variety with an action a P : G 1 × k P → P over k. Suppose P (k) = ∅ and fix ν ∈ P (k). Then one has
for any (g v ) ∈ G 1 (A k ) and (x v ) ∈ P (A k ) and α ∈ Br 1 (P ), where
Proof. By the functoriality of Brauer-Manin pairing, one has
Since both P and G 1 have rational points, one has
(Br e (G 1 ) ⊕ p * P (Br 1 (P )) by Sansuc's exact sequence (see (6.10. 3) of Proposition 6.10 in [32] ), where p G 1 and p P are the projection of G 1 × k P to G 1 and P respectively and Br 1 (G 1 ) = Br e (G 1 ) ⊕ Br(k) by using the section 1 G . The result follows from the functoriality of Brauer-Manin pairing.
In order to establish strong approximation off any finite non-empty subset S, we need the following descent result other than Proposition 4.5.
Proposition 5.4. Let G 1 be a connected linear algebraic group with X 1 (k, G 1 ) = {1} and P = G 1 /M where M is a group of multiplicative type over k. Let π : G 1 → P be the quotient map. Then
where π * : Br 1 (P ) → Br a (G 1 ) induced by π.
Proof. When M is a group of multiplicative type, there is a map
obtained by restricting the cup product
to G (see line -3 of P.316 in [9] ). Since the following digram of the cup product
commutes and G 1 as a torsor over P under M becomes a trivial torsor over G 1 under M, one concludes that Im(θ(G 1 )) ⊆ ker(π * ).
By Proposition 2.7 in [9] , one has the following commutative diagram
where (−) D := Hom(−, Q/Z) such that the rows are exact by Proposition 36 in §5.4, Chapter I of [33] and the third column is exact by Theorem 6.3 in [11] . Since X 1 (k, G 1 ) = {1}, one concludes that
by the above diagram and Corollary 1 of P.50 in [33] . This implies that
as required by Lemma 5.3.
The main result of this section is the following theorem.
Theorem 5.5. Let X be a smooth G-groupic variety over a number field k and S be a nonempty finite subset of Ω k of k. Ifk[X] × =k × and v∈S G ′ (k v ) is not compact for any non-trivial simple factor G ′ of G sc , then X satisfies strong approximation with respect to Br 1 (X) off S.
Then there exists a sufficiently large finite subset S 1 of Ω k containing S ∪ ∞ k such that i), ii), iii) and iv) before Lemma 4.3 holds. By Proposition 4.2, one can assume that x v ∈ G(k v ) for all v ∈ Ω k . Then
for v ∈ S 1 by Lemma 4.3. There are
such that x v = g v · ρ X (β v ) for all v ∈ S 1 and g v = x v for v ∈ S 1 . Then (g v ) v∈Ω k ∈ G(A k ). By Proposition 3.10, one has
for all ξ ∈ Br 1 (X) and v ∈ Ω k . This implies that
by Proposition 3. 
Therefore one obtains
by Proposition 5.2. This implies g · ρ X (y) ∈ W as desired.
Appendix
When X is a sub-variety of an affine space, then X(k) is discrete in X(A k ) by the product formula. Then non-compactness of v∈S X(k v ) is a necessary condition for X satisfying classical strong approximation off S. If Br(X)/Br(k) is finite, such compactness is still a necessary condition for X satisfying strong approximation with Brauer-Manin obstruction. However, this is no longer true when Br(X)/Br(k) is not finite. For example, a torus T is always satisfying strong approximation with Brauer-Manin obstruction off ∞ k by Theorem 2 in [18] whenever T (k ∞ ) is compact or not. Semi-simple linear algebraic groups have quite different feature from tori for strong approximation with Brauer-Manin obstruction off S even though Br(G)/Br(k) is not finite either when G is not simply connected.
by the functoriality of Brauer-Manin pairing. This implies that
is finite. Let x 1 , · · · , x n be all elements in the above finite set. Choose v 0 ∈ T \ S and set
Then the smaller open subset
by the functoriality of Brauer-Manin pairing. This contradicts that G satisfies strong approximation with Brauer-Manin obstruction off S.
